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Riemannian Manifolds with Diagonal Metric.
The Lame´ and Bourlet Systems
Alexander V. Razumov∗ and Mikhail V. Saveliev†
Institute for High Energy Physics, 142284, Protvino, Moscow region, Russia
Abstract
We discuss a Lie algebraic and differential geometry construction
of solutions to some multidimensional nonlinear integrable systems
describing diagonal metrics on Riemannian manifolds, in particular
those of zero and constant curvature. Here some special solutions
to the Lame´ and Bourlet type equations, determining by n arbitrary
functions of one variable are obtained in an explicit form. For the
case when the sum of the diagonal elements of the metric is a con-
stant, these solutions are expressed as a product of the Jacobi elliptic
functions and are determined by 2n arbitrary constants.
1 Introduction
The classical differential geometry serves as an injector of many equations
integrable in this or that sense. Among them, the Lame´ and Bourlet equa-
tions play especially remarkable role. These equations arise, in particular, in
the following way.
Let (U ; z1, . . . , zn) be a chart on a Riemannian manifold (M, g), such that
the metric tensor g has on U the form
g|U =
n∑
i=1
β2i dz
i ⊗ dzi. (1.1)
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In such a situation the metric tensor g is said to be diagonal with respect
to the coordinates zi. The functions βi are called the Lame´ coefficients.
Introduce an orthonormal basis in the space of 1-forms on U defining
θıˆ = βidz
i.
Here and in what follows we use for the indices referring to the orthonormal
basis the same letters as for ones referring to the coordinate basis, but supply
them with a hat. Note that for an orthonormal basis there is no actual
distinction between lower and upper indices. In terms of the forms θıˆ the
metric tensor is written as
g|U =
n∑
i=1
θıˆ ⊗ θıˆ.
Let us find the curvature two-forms Ωıˆ ˆ of the Levi-Civita connection
corresponding to the metrics given by (1.1). The simplest way here is to use
the second Cartan structural equation [1]
Ωıˆ ˆ = dω
ıˆ
ˆ +
n∑
k=1
ω ıˆ
kˆ
∧ ωkˆ ˆ, (1.2)
where ω ıˆ ˆ are connection 1-forms related to the connection coefficients Γ
ıˆ
ˆkˆ
by the equality
ω ıˆˆ =
n∑
k=1
Γ ıˆ
ˆkˆ
θkˆ.
For the connection coefficients in the case of an orthonormal basis one has
the expression
Γ ıˆ
ˆkˆ
=
1
2
(ckˆ ıˆˆ + c
ˆ
ıˆkˆ
− cıˆ
ˆkˆ
),
where the functions cıˆ ˆkˆ are determined by the relation
dθıˆ = −1
2
n∑
i,j=1
cıˆ ˆkˆθ
ˆ ∧ θkˆ.
Defining the so called rotation coefficients
γij =
1
βi
∂iβj, i 6= j, (1.3)
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we find
dθıˆ =
1
βi
n∑
j=1
γjiθ
ˆ ∧ θıˆ.
From this relation it follows that
cıˆ
ˆkˆ
=
1
βi
(γkiδij − γjiδik),
therefore, in the case under consideration one has
Γ ıˆ
ˆkˆ
=
1
βk
(γjkδki − γikδkj),
and we come to the following expression for the connection forms
ω ıˆˆ = γjidz
i − γijdzj .
Substituting this expression in (1.2), we obtain
Ωıˆ ˆ = −
∑
k 6=i,j
(∂kγji − γkiγjk) dzi ∧ dzk −
∑
k 6=i,j
(∂kγij − γikγkj) dzk ∧ dzj
− (∂iγij + ∂jγji +
∑
k 6=i,j
γkiγkj) dz
i ∧ dzj . (1.4)
Using (1.4) we conclude that the Riemannian submanifold (U, g|U) of the
Riemannian manifold (M, g) is flat if and only if the rotation coefficients γij
satisfy the following system of partial differential equations
∂kγij = γikγkj, i 6= j 6= k, (1.5)
∂iγij + ∂jγji +
∑
k 6=i,j
γkiγkj = 0, i 6= j, (1.6)
where the notation i 6= j 6= k means that i, j, k are distinct. From the
other hand, let (U ; z1, . . . , zn) be a chart on the manifold M , and we have a
solution γij of equations (1.5), (1.6). Let us rewrite (1.3) in the form
∂iβj = γijβi,
and consider these equalities as equations for the functions βi. It is easy to
show that due to (1.5), the integrability conditions for these equations are
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satisfied, and we can find the functions βi which play the role of the Lame´
coefficients having γij as the corresponding rotation coefficients. If we define
a metric tensor on U by
g =
n∑
i=1
β2i dz
i ⊗ dzi, (1.7)
then submanifold U becomes a flat Riemannian manifold whose metric is
diagonal with respect to the coordinates zi.
Equations (1.5), (1.6) are called the Lame´ equations. With the so called
Egoroff property, γij = γji, equations (1.6) are equivalent to the following
ones: (
n∑
k=1
∂/∂k
)
γij = 0, i 6= j. (1.8)
The corresponding solutions are represented in the form β2i = ∂iF where F
is some function of the coordinates zi. The system consisting of equations
(1.5) and (1.8) is called sometimes the Darboux-Egoroff equations.
If (U, g|U) is a Riemannian manifold of constant curvature with the sec-
tional curvature k, then we have [1]
Ωıˆ ˆ = k θ
ıˆ ∧ θˆ = k βiβj dzi ∧ dzj .
Therefore, taking into account (1.4), one sees that the Riemannian subman-
ifold (U, g|U) is of constant curvature with the sectional curvature k if and
only if the rotation coefficients satisfy the equations
∂kγij = γikγkj, i 6= j 6= k, (1.9)
∂iγij + ∂jγji +
∑
k 6=i,j
γkiγkj + kβiβj = 0, i 6= j. (1.10)
We call equations (1.9), (1.10) and (1.3) the Bourlet type equations. The
Bourlet equations in the precise sense correspond to the case with k = 1 and∑n
i=1 β
2
i = 1, see, for example, [2, 3].
Sometimes it is suitable to rewrite at least a part of equations (1.9), (1.10)
in a ‘Laplacian’ type form. Impose the condition
k
n∑
i=1
β2i = c, (1.11)
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where c is a constant. It is convenient to allow the functions βi, and hence
the functions γij , to take complex values. Therefore, we will assume that c
is an arbitrary complex number. One can easily get convinced by a direct
check with account of (1.3) and (1.11) that there takes place the relation
∂iβi = −
∑
j 6=i
γijβj .
Now, using the same calculations as those in [4, 5], and introducing, as there,
the operators
∆(i) =
∑
j 6=i
∂2j − ∂2i ,
we obtain from equations (1.10)
∆(i)βi =
∑
j 6=i
βi[(β
−1
i ∂iβj)
2 − (β−1j ∂jβi)2]
− 2
∑
j 6=k 6=i
βjβ
−2
k (∂kβi)(∂kβj) + βi(kβ
2
i − c).
For n = 2 equations (1.9) and (1.5) are absent; equation (1.10) is reduced
to the Liouville and sine-Gordon equations for β21+β
2
2 equals 0 and 1, respec-
tively; while (1.6) is the wave equation. This is why for higher dimensions
the Bourlet type equations with a nonzero constant c in (1.11), with c = 0,
and the Lame´ equations are called sometimes multidimensional generalisa-
tions of the sine-Gordon, Liouville, and wave equations, respectively, see, for
example, [4, 6, 5, 7].
In the beginning of eighties an interest to the Lame´ and Bourlet type
equations was revived. In particular, it was shown that system (1.9), (1.10),
(1.11) with k = 1 and c = 1 provides the necessary and sufficient conditions
for the construction of a local immersion of the Lobachevsky space Ln into
R2n−1 [4], see also [6]. Further, as it follows from the results of works [8, 9],
the problems of description of n-orthogonal curvilinear coordinate systems
and of the classification of integrable Hamiltonian systems of hydrodynamic
type [10] are almost equivalent. Note that system (1.9) is a natural general-
isation [11] of the three wave system which is a relevant object in nonlinear
optics. The Lame´ equations also arise very naturally in the context of the
Cecotti-Vafa equations describing topological-antitopological fusion, see [12]
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and references therein, and in those of the multidimensional generalisations
of the Toda type systems [13].
Probably the most interesting modern area where the Lame´ equations
with the corresponding initial conditions appear to be quite relevant, is re-
lated to the theory of Frobenius manifolds in the spirit of B. A. Dubrovin
[12, 14], N. Hitchin [15] and Yu. I. Manin [16]. In particular, in the last very
remarkable paper semisimple Frobenius manifolds are related to solutions of
the Schlesinger equations, constrained by some special initial conditions. In
our notations it corresponds to solutions of the Lame´ system satisfying the
Egoroff property, condition (1.11) with c = 0, which together automatically
provide the validity of (1.8), since here (
∑
k ∂k)βi = 0; and also a rather
restrictive requirement which is equivalent to (
∑
k z
k∂k)βi ∼ βi.
Finally note that the classification and description of diagonal metrics
seems to be relevant for some modern problems of supergravity theories,
including their elementary and solitonic supersymmetric p-brane solutions,
see, for example, [17] and references therein.
The very fact of integrability of the equations in question has been estab-
lished for quite a long time ago; the general solution is defined by n(n−1)/2
functions of two variables for the Lame´ system, and by n(n − 1) functions
of one variable and n constants for the Bourlet system. However, an explicit
form of the solutions for higher dimensions remained unknown.
In the present work we obtain in an explicit and rather simple form some
special class of the solutions to the Lame´ equations and to the Bourlet type
equations with and without condition (1.11). If one does not impose con-
dition (1.11), then our solutions are determined by n arbitrary functions
of one variable, while with condition (1.11) the obtained solutions of the
Bourlet equations are expressed as products of Jacobi elliptic functions and
are determined by 2n arbitrary constants. The derivation of the solutions to
both of these systems is given by using two different methods. One is based
on the geometrical interpretation of the corresponding equations. Another
approach uses a zero curvature (Lax type) representation of the Lame´ and
Bourlet type equations.
The Lax type representations of the Lame´ and Bourlet type equations,
different from ours, were considered in [11] and [7], respectively; see also
[18]. In particular, the author of [11], using a multidimensional generalisa-
tion of the Zakharov-Shabat dressing method [19], succeeded to obtain some
explicit solutions of the Lame´ equations parametrised by n functions of one
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variable, which are in a sense complementary to those presented below. In
the beginning of November 1996, we were informed by V. E. Zakharov that
he extended the results of [11] to the Bourlet system.
2 Bourlet type equations
We begin with the description of the zero curvature representation of the
Bourlet type equations following [5]. Consider the case k > 0. Here the zero
curvature representation is based on the Lie group O(n+1,R). For the case
k < 0 we should use the Lie group O(n, 1). Actually, we can complexify the
Bourlet equations allowing the functions βi and γij to take complex values.
In such a case we should use for the construction of the zero curvature repre-
sentation the complex Lie group O(n+ 1,C) and here positive and negative
k can be considered simultaneously. It is clear that without any loose of
generality we can take k = 1.
Let Mab be the elements of the Lie algebra o(n + 1,R) of the Lie group
O(n+ 1,R) defined as
(Mab)cd = δacδbd − δbcδad,
The commutation relations for these elements have the standard form
[Mab,Mcd] = δadMbc + δbcMad − δacMbd − δbdMac,
and any element X of g can be represented as
X =
n+1∑
a,b=1
xabMab.
Such a representation is unique if we suppose that xab = −xba.
In what follows we assume that the indices a, b, c, . . . run from 1 to n+1,
while the indices i, j, k, . . . run from 1 to n. Let (U ; z1, . . . , zn) be a chart on
some smooth manifold M . Consider the connection ω =
∑n
i=1 ωidz
i on the
trivial principal fibre bundle U ×O(n+ 1,R) with the components given by
ωi =
n∑
k=1
γkiMik + βiMi,n+1. (2.1)
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One can get convinced that the Bourlet type equations (1.3), (1.9) and (1.10)
are equivalent to the zero curvature condition for the connection ω, which,
in terms of the connection components, has the form
∂iωj − ∂jωi + [ωi, ωj] = 0. (2.2)
Identify the Lie group O(n,R) with the Lie subgroup of O(n+1,R) formed
by the matrices A ∈ O(n + 1,R), such that
Ai,n+1 = 0, An+1,j = 0, An+1,n+1 = 1.
Similarly, identify the Lie algebra o(n,R) with the corresponding subalgebra
of o(n+ 1,R).
Let the connection ω with the components of form (2.1) satisfies the zero
curvature condition (2.2). Suppose that U is simply connected, then there
exists a mapping ϕ from U to O(n+ 1,R), such that
ωi = ϕ
−1∂iϕ.
Parametrise ϕ in the following way
ϕ = ξχ, (2.3)
where χ is a mapping from U to O(n,R) and the mapping ξ has the form
ξ = eψ1M12eψ2M23 · · · eψn−1Mn−1,neψnMn,n+1. (2.4)
Here ψi are some functions on U having the meaning of the generalised Euler
angles [20]. For the connection components ωi one obtains the expression
ωi = χ
−1(ξ−1∂iξ)χ+ χ
−1∂iχ.
Relation (2.4) gives
ξ−1∂iξ =
n−1∑
j=1
∂iψj
n∑
k=j+1
µjk(ψ)Mjk +
n∑
j=1
∂iψj νj(ψ)Mj,n+1,
where
µj−1,j(ψ) = cosψj , 1 < j ≤ n, (2.5)
µjk(ψ) =
(
k−1∏
l=j+1
sinψl
)
cosψk, 1 < j + 1 < k ≤ n, (2.6)
νj(ψ) =
n∏
l=j+1
sinψl, 1 ≤ j < n, νn(ψ) = 1. (2.7)
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Now, using the evident equalities
χ−1∂iχ =
1
2
n∑
j,k,l=1
χlj∂iχlkMjk, χ
−1
Mi,n+1χ =
n∑
j=1
χijMj,n+1, (2.8)
one comes to the expressions
ωi =
1
2
n∑
j,k,l=1
χlj ∂iχlk Mjk
+
n∑
j,k=1
n−1∑
l=1
∂iψl
n∑
m=l+1
µlm(ψ)χlj χmk Mjk +
n∑
j,l=1
∂iψl νl(ψ)χlj Mj,n+1. (2.9)
Comparing (2.9) and (2.1), we have, in particular,
n∑
l=1
∂iψl νl(ψ)χlj = βi δij . (2.10)
Note that the geometrical meaning of the functions βi do not allow them to
take zero value. Therefore, from (2.10) it follows that for any point p ∈ U
we have
det(∂iψj(p)) 6= 0, νi(ψ(p)) 6= 0. (2.11)
Since the matrix (χij) is orthogonal, one easily obtains
χij =
1
βj
∂jψi νi(ψ),
and, using again the orthogonality of (χij), one sees that
β2i =
n∑
l=1
(∂iψl νl(ψ))
2. (2.12)
Therefore, we have
χij =
∂jψi νi(ψ)√∑n
l=1(∂jψl νl(ψ))
2
. (2.13)
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Thus, the matrix (χij), and hence the mapping χ, is completely determined
by the functions ψi, and its orthogonality is equivalently realised by the
relation
n∑
l=1
∂iψl ν
2
l (ψ) ∂jψl = 0, i 6= j. (2.14)
Suppose now that a set of functions ψi satisfies relations (2.11) and (2.14).
Consider the mapping ϕ defined by (2.3) with the mapping ξ having form
(2.4) and the mapping χ defined by (2.13). Show that the mapping ϕ gen-
erates the connection with the components of form (2.1). First of all, with
βi of form (2.12) we can get convinced that in the case under consideration
relation (2.10) is valid. Taking into account (2.14), one can write the relation
n∑
l=1
∂jψl ν
2
l (ψ) ∂kψl = β
2
j δjk,
whose differentiation with respect to zi gives
n∑
l=1
∂jψl ν
2
l (ψ) ∂i∂kψl
= −
n∑
l=1
∂i∂jψl ν
2
l (ψ) ∂kψl − 2
n∑
l=1
∂jψl νl(ψ) ∂iνl(ψ) ∂kψl + 2βj∂iβj δjk.
Since the left hand side of this equality is symmetric with respect to the
transposition of the indices i and k, its right hand side must also be symmetric
with respect to this transposition, and, therefore, we have
n∑
l=1
∂jψl ν
2
l (ψ) ∂i∂kψl
= −
n∑
l=1
∂k∂jψl ν
2
l (ψ) ∂iψl − 2
n∑
l=1
∂jψl νl(ψ) ∂kνl(ψ) ∂iψl + 2βj∂kβj δij .
Using this equality, it is not difficult to show that
n∑
l=1
χlj ∂iχlk = γkj δij − γjk δik
− 1
βjβk
n∑
l=1
[∂jψl νl(ψ) ∂kνl(ψ) ∂iψl − ∂kψl νl(ψ) ∂jνl(ψ) ∂iψl], (2.15)
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where the functions γij are defined by (1.3).
Using the concrete form of the functions µij(ψ) and νi(ψ), we can get
convinced in the validity of the equalities
∂νj(ψ)
∂ψi
= 0, 1 ≤ i ≤ j, µij(ψ) = 1
νj(ψ)
∂νi(ψ)
∂ψj
,
which allow to show that
n−1∑
l=1
∂iψl
n∑
m=l+1
µlm(ψ)χlj χmk =
1
βjβk
n∑
l=1
∂jψl νl(ψ) ∂kνl(ψ) ∂iψl. (2.16)
Substituting (2.15), (2.16) and (2.10) into (2.9), we come to expression
(2.1). Thus, any set of functions ψi satisfying (2.11) and (2.14) allows to
construct a connection of form (2.1) satisfying the zero curvature condition
(2.2) which is equivalent to the Bourlet type equations. Therefore, the gen-
eral solution to the Bourlet type equations is described by (2.12) where the
functions ψi satisfy (2.11) and (2.14). In the simplest case we can satisfy
(2.14) assuming that
∂iψj = 0, i 6= j; (2.17)
in other words, each function ψi depends on the corresponding coordinate z
i
only. In this case we obtain the following expressions for the functions βi:
βi = ∂iψi
n∏
j=i+1
sinψj , 1 ≤ i < n, βn = ∂nψn. (2.18)
The corresponding expressions for the functions γij can be easily found and
we do not give here their explicit form. Note here that since γij = 0 for i < j,
our solutions do not satisfy the Egoroff property.
There is a transparent geometrical interpretation of the results obtained
above. Recall that solutions of the Bourlet type equations are associated
with diagonal metrics in Riemannian spaces of constant curvature. Namely,
let (M, g) be a Riemannian manifold of constant curvature with the sectional
curvature k, and (U ; z1, . . . , zn) be such a chart on M that the metric g has
on U form (1.1). Then the Lame´ and the corresponding rotation coefficients
satisfy the Bourlet type equations. From the other hand, let (U ; z1, . . . , zn)
be a chart on a manifold M , and we have a solution of the Bourlet type
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equations. Supply the open submanifold U with metric (1.7); then (U, g)
becomes a Riemannian manifold of constant curvature with the sectional
curvature k.
The simplest example of a manifold of constant curvature is an n-dimen-
sional sphere in Rn+1 with the metric induced by the standard metric on
Rn+1. Here if the radius of the sphere is R, then the sectional curvature is
1/R2. Let us show that the corresponding metric is diagonal with respect to
the spherical coordinates.
Begin with the consideration of the standard metric in Rn. Denoting the
standard coordinates on Rn by xi and the spherical coordinates by r and
θ1, . . . θn−1, one has
x1 = r
n−1∏
k=1
sinϑk, x
i = r cosϑi−1
n−1∏
k=i
sinϑk, 1 < i < n, x
n = r cosϑn−1.
The standard metric on Rn has the form
(n)
g =
n∑
l=1
dxl ⊗ dxl.
Denote the functions describing the dependence of the coordinates xi on r
and θ1, . . . , θn−1, by
(n)
fi (r, θ). For any n one has
n∑
l=1
(n)
fl
2 = r2. (2.19)
Taking external derivative of this equality, we obtain
n∑
l=1
(n)
fl d
(n)
fl = r dr. (2.20)
It is easy to get convinced that
(n)
fi =
(n−1)
fi sin θn−1, 1 ≤ i < n,
(n)
fn = r cos θn−1.
These relations imply
d
(n)
fi = sin θn−1 d
(n−1)
fi +
(n−1)
fi cos θn−1 dθn−1, 1 ≤ i < n,
d
(n)
fn = cos θn−1 dr − r sin θn−1 dθn−1.
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Substituting these equalities into the relation
(n)
g =
n∑
l=1
d
(n)
fl ⊗ d
(n)
fl
and using (2.19), (2.20) we obtain
(n)
g =
(
(n−1)
g − dr ⊗ dr
)
sin2 θn−1 + r
2dθn−1 ⊗ dθn−1 + dr ⊗ dr.
This equality gives
(n)
g = r2
[
n−2∑
l=1
(
n−1∏
m=l+1
sin2 θm
)
dθl ⊗ dθl + dθn−1 ⊗ dθn−1
]
+ dr ⊗ dr. (2.21)
Consider now the unit n-dimensional sphere Sn in Rn+1. Denote the
spherical coordinates in Sn by z1, . . . , zn. As it follows from (2.21), the
explicit expression for the metric on Sn in terms of the spherical coordinates
has the form
g =
n−1∑
l=1
(
n∏
m=l+1
sin2 zm
)
dzl ⊗ dzl + dzn ⊗ dzn.
So we have a diagonal metric. Note that it can be written in the form
g =
n∑
l=1
ν2l (z) dz
l ⊗ dzl, (2.22)
where the functions νi are given by (2.7). Let ψ be a diffeomorphism from
Sn to Sn. It is clear that (Sn, ψ∗g) is also a Riemannian manifold of constant
curvature with the sectional curvature equal to 1. Denoting ψ∗zi = ψi, one
gets
ψ∗g =
n∑
j,k,l=1
∂jψl ν
2
l (ψ) ∂kψl dz
j ⊗ dzk.
Therefore, the metric ψ∗g is diagonal with respect to the coordinates zi if
and only if the functions ψi satisfy relations (2.14). In particular, if the
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functions ψi satisfy relations (2.17) we obtain the diagonal metrics with the
Lame´ coefficients given by (2.18).
In general, starting from some fixed diagonal metric in the space of con-
stant curvature with the unit sectional curvature, one gets the family of
explicit solutions to the Bourlet type equations parametrised by a set of n
functions each depending only on one variable. In terms of equations (1.3),
(1.9) and (1.10) themselves, we formulate this observation as follows. Let
the functions βi, γij satisfy the Bourlet type equations; then for any set of
functions ψi, such that
∂iψj = 0, i 6= j,
the functions
β ′i(z) = βi(ψ(z)) ∂iψi(z), γ
′
ij(z) = γij(ψ(z)) ∂jψj(z
j), (2.23)
where ψ(z) stands for the set ψ1(z), . . . ψn(z), also satisfy the Bourlet type
equations.
Note that our considerations can be easily generalised to the case of com-
plex metrics. In this case the zero curvature representation of the Bourlet
type equations should be based on the Lie group O(n+ 1,C).
Return to the consideration of solutions (2.18) to the Bourlet type equa-
tions. If one imposes condition (1.11) where c is an arbitrary zero or nonzero
constant, then the arbitrary functions ψi(z
i) satisfy the equation
n∑
l=1
(
n∏
m=l+1
sin2 ψm
)
(∂lψl)
2 = c,
thereof for some constants ci, i = 0, . . . , n, such that c0 = 0 and cn = c, one
gets
∂iψi =
√
ci − ci−1 sin2 ψi. (2.24)
Hence, solution (2.18) takes the form
βi =
√
ci − ci−1 sin2 ψi
n∏
j=i+1
sinψj , (2.25)
where the functions ψi are determined by the ordinary differential equations
(2.24). Suppose that all constants ci, i = 1, . . . , n, are different from zero.
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With appropriate conditions on the constants ci, in accordance with (2.24)
one has
zi + di =
∫ ψi
0
dψi√
ci − ci−1 sin2 ψi
,
where di are arbitrary constants. Therefore,
√
ci(z
i + di) = F
(
ψi,
√
ci−1
ci
)
,
where F (φ, k) is the elliptic integral of the first kind,
F (φ, k) =
∫ φ
0
dφ√
1− k2 sin2 φ
.
Thus, using Jacobi elliptic functions, we can write
sinψi(z
i) = sn
(√
ci(z
i + di),
√
ci−1
ci
)
,
cosψi(z
i) = cn
(√
ci(z
i + di),
√
ci−1
ci
)
.
Now, with the evident relation
∂iψi(z
i) =
∂i sinψi(z
i)
cosψi(zi)
=
√
ci dn
(√
ci(z
i + di),
√
ci−1
ci
)
,
we write our solution as the product of elliptic functions,
βi(z) =
√
ci dn
(√
ci(z
i + di),
√
ci−1
ci
) n∏
j=i+1
sn
(√
cj(z
j + dj),
√
cj−1
cj
)
.
(2.26)
The case when some of the constants ci are equal to zero can be analysed in
a similar way. Note that, taking into account the relations
sn(u, 1) = tanhu, dn(u, 1) =
1
cosh u
, sn(u, 0) = sin u, dn(u, 0) = 1,
with an appropriate choice of the constants ci, we can reduce some of the
elliptic functions entering the obtained solution to the trigonometric or hy-
perbolic ones.
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It is clear from the solution in form (2.25) or (2.26), that it does not
depend on the variable z1 at all, since among the functions βi, only β1 depends
on ψ1 and only as ∂1ψ1, while ψ1 = c1z
1 + d1.
In the simplest case n = 2 and c2 = 1 with the parametrisation β1 =
cos(u/2), β2 = sin(u/2), system (1.3), (1.9) and (1.10) is reduced to the
sine-Gordon equation
∂21u− ∂22u+ sin u = 0,
and one gets the evident solution sin(u/2) = dn(z2 + d2,
√
c1).
3 Lame´ equations
The zero curvature representation of the Lame´ equations is based on the Lie
group G of rigid motions of the affine space Rn. This Lie group is isomorphic
to the semidirect product of the Lie groups O(n,R) and Rn, where the linear
space Rn is considered as a Lie group with respect to the addition operation.
The standard basis of the Lie algebra g of the Lie group G consists of the
elements Mij and Pi which satisfy the commutation relations
[Mij,Mkl] = δilMjk + δjkMil − δikMjl − δjlMik,
[Mij,Pk] = δjkPi − δikPj, [Pi,Pj] = 0.
Let (U ; z1, . . . , zn) be a chart on the manifold M . Consider the connec-
tion ω =
∑n
i=1 ωidz
i on the trivial principal fibre bundle U × G with the
components given by
ωi =
n∑
k=1
γkiMik + βiPi. (3.1)
It can be easily verified that equations (1.3)–(1.6) are equivalent to the zero
curvature condition for the connection ω. It is well known that the Lie
algebra g can be obtained from the Lie algebra o(n+1,R) by an appropriate
Ino¨nu¨-Wigner contraction. Unfortunately, this fact does not give us a direct
procedure for obtaining solutions of the Lame´ equations from solutions of
the Bourlet type equations. Therefore, we will consider the procedure for
obtaining solutions of the Lame´ equations independently.
Let the connection ω with the components of form (3.1) satisfies the zero
curvature condition. Restricting to the case of simply connected U , write for
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the connection components ωi the representation
ωi = ϕ
−1∂iϕ,
where ϕ is some mapping from U to G. Parametrise ϕ in the following way:
ϕ = ξχ (3.2)
where χ is a mapping from U to O(n,R), and the mapping ξ has the form
ξ = eψ1P1eψ2P2 · · · eψn−1Pn−1eψnPn . (3.3)
For the connection components ωi one obtains the expression
ωi =
1
2
n∑
j,k,l=1
χlj∂iχlkMjk +
n∑
j,l=1
∂iψlχljPj . (3.4)
From the comparison of (3.4) and (3.1) we see that
χij =
∂jψi√∑n
l=1(∂jψl)
2
, (3.5)
and the functions ψi satisfy the relation
n∑
l=1
∂iψl ∂jψl = 0, i 6= j. (3.6)
The functions βi are connected with the functions ψi by the formula
β2i =
n∑
l=1
(∂iψl)
2, (3.7)
and from the geometrical meaning of βi it follows that
det(∂iψj(a)) 6= 0. (3.8)
Suppose now that a set of functions ψi satisfies relations (3.6) and (3.8).
Consider the mapping ϕ defined by (3.2) with the mapping ξ having form
(3.3) and the mapping χ defined by (3.5). It can be shown that the mapping
ϕ generates the connection with the components of form (3.1). Here the
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functions βi are defined from (3.7), and the functions γij are given by (1.3).
Thus, any set of functions ψi satisfying (3.8) and (3.6) allows to construct
a connection of form (3.1) satisfying the zero curvature condition which is
equivalent to the Lame´ equations, and in such a way we obtain the general
solution.
Assuming that the functions ψi satisfy (2.17), we have
βi = ∂iψi. (3.9)
It is clear that in this case γij = 0. So one ends up with a trivial solution
of the Lame´ equations. To get nontrivial solutions one should consider dif-
ferent parametrisations of the mapping ϕ. For example, let us represent the
mapping ϕ in form (3.2) where the mapping χ again takes values in O(n,R),
while the mapping ξ has the form
ξ = eψ1M12eψ2M23 · · · eψn−1Mn−1,neψnPn .
With such a parametrisation of ξ, one gets
ωi =
1
2
n∑
j,k,l=1
χlj ∂iχlk Mjk
+
n∑
j,k=1
n−1∑
l=1
∂iψl
n∑
m=l+1
µlm(ψ)χlj χmk Mjk +
n∑
j,l=1
∂iψl νl(ψ)χlj Pj ,
where
µj−1,j(ψ) = cosψj , 1 < j < n; µn−1,n(ψ) = 1; (3.10)
µjk(ψ) =
(
k−1∏
l=j+1
sinψl
)
cosψk, 1 < j + 1 < k < n; (3.11)
µjn(ψ) =
n−1∏
l=j+1
sinψl, 1 < j + 1 < n; (3.12)
νj(ψ) =
(
n−1∏
k=j+1
sinψk
)
ψn, 1 ≤ j < n− 1; (3.13)
νn−1(ψ) = ψn; νn(ψ) = 1. (3.14)
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Using these relations we come to the following description of the general
solution to the Lame´ equations. Let functions ψi satisfy the relations
n∑
l=1
∂iψl ν
2
l (ψ) ∂jψl = 0, i 6= j,
and for any point p ∈ U one has
det(∂iψj(p)) 6= 0, νi(ψ(p)) 6= 0.
Then the functions βi determined from the equality
β2i =
n∑
l=1
(∂iψl νl(ψ))
2,
and the corresponding functions γij defined by (1.3) give the general solution
of the Lame´ equations. If the functions ψi satisfy (2.17), we get the following
expressions for the functions βi
βi = ∂iψi
(
n−1∏
j=i+1
sinψj
)
ψn, 1 ≤ i < n− 1, (3.15)
βn−1 = ∂n−1ψn−1 ψn, βn = ∂nψn. (3.16)
The geometrical interpretation of the obtained solutions to the Lame´
equations is similar to one given in the previous section. Recall that solu-
tions of the Lame´ equations are associated with flat diagonal metrics in flat
Riemannian spaces. The simplest case here is the standard metric in Rn,
g =
n∑
l=1
dzl ⊗ dzl.
Applying a diffeomorphism ψ one gets the metric
ψ∗g =
n∑
j,k,l=1
∂jψl∂kψl dz
j ⊗ dzk,
which is diagonal if and only if the functions ψi satisfy (3.6). Here the
functions ψi which obey (2.17) give the Lame´ coefficients described by (3.9).
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A more nontrivial example is provided by the metric arising after the
transition to the spherical coordinates in Rn. Introducing the notations zi =
ϑi, i = 1, . . . , n− 1, and zn = r, we rewrite (2.21) as
g = (zn)2
[
n−2∑
l=1
(
n−1∏
m=l+1
sin2 zm
)
dzl ⊗ dzl + dzn−1 ⊗ dzn−1
]
+ dzn ⊗ dzn.
Therefore, the metric g has form (2.22) with the functions νi given by (3.13),
(3.14). A diffeomorphism ψ with the functions ψi = ψ
∗zi satisfying (2.17)
gives the metric with the Lame´ coefficients (3.15), (3.16).
In conclusion note that relations (2.23) describe the symmetry trans-
formations not only of the Bourlet type equations, but also of the Lame´
equations, and actually the existence of such transformations allows us to
construct the solutions of the equations under consideration parametrised by
n arbitrary functions each depending on one variable.
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